ON THE POWERS OF A REAL NUMBER REDUCED
MODULO ONE

BY
FRED SUPNICK, H. J. COHEN AND ]J. F. KESTON

1. Introduction. Let us consider the sequence
(1.1) @ — [a] a? — [az] - [a3]’ ]

where a is a real number greater than one ([x] denotes the greatest integer(?)
less than or equal to x). It has been shown by Koksma (cf. [1]) that the
terms of (1.1) distribute uniformly on the interval (0, 1) for almost all > 1.
We note, however, that the elements of (1.1) need not be distinct (e.g. &
integral, or a=21/?),

Consider all the values v, 25, v3, - - - (v;7v; for 1%j) assumed at least
once by the terms of (1.1). Let us denote the set of all positive integers 7
such that a'— [ai]=v; by Ci, the set of all positive integers ¢ such that
ai— [ai]=v, by C,, etc. That is, the set 9: {1, 2, -, My } partitions
into sets Cy, Cy, - - -

(1.2) §=Ci+C:+Cs+ - -
with the property that j, k& C, if and only if

al =[] = o — [a2],
i.e. if and only if
(1.3) at —al =7,

r integral. The set {Cl, Cy, Cs - - - } will be denoted by 9/a, and will be
called the decomposition of 9 induced by c.

In this paper we study the decomposition 9/a for a>1.

The elements C, of 9/a will be called exponent classes. If an exponent
class contains only one element of 4, it will be called unitary; if each C, is
unitary, then 9/a will be referred to as a unitary decomposition.

4 /o is unitary if and only if the equation (1.3) has no solutions in positive
integers j, k, r. Thus if a is not an algebraic integer, the decomposition is
unitary (cf. [2]). Therefore we consider only integral algebraic c.

If « is a rational integer, the problem is trivial. Therefore we consider
only drrational integral algebraic c.

Let the minimal polynomial of a be

Presented to the Society, October 26, 1957; received by the editors February 25, 1959.
(}) The term “integer” not preceded by “algebraic” will mean “rational integer.”
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M (x) =2"+ a1x" '+ aax" 24 - -+ + Guax + @y,

where the a; are integers. If ¢, is positive, M,(x) has at least one positive zero
other than « and hence M,.(x) cannot divide any polynomial of the form
x*—x7—r, where j, k, r are positive integers with j less than k (since any
polynomial of this form has only one positive zero). Thus, if e, is positive,
« cannot satisfy any relation of the form (1.3) and so the decomposition is
unitary. Therefore we consider only irrational integral algebraic o whose mini-
mal polynomial has a negative constant term.

We let L(a) denote the number of nonzero terms in M,(x).

If an exponent class contains exactly two elements, it will be called
binary.

Summary of main results. For L(a) =2, 3 the complete decompositions
9/a are obtained (cf. Theorems 1 and 7, §2). For L(a) 2 3, we prove (i) that
each C, is either unitary or binary, and (ii) that at most a finite number of
the C, are binary (cf. Theorems 2 and 3, §2). Sufficient conditions for unitary
decomposition are obtained in Corollary 5.1 and Theorems 4, 5 and 6 (cf. §2).

2. Statement of results. In the following theorems « is understood to be
a real irrational algebraic integer greater than unity whose minimal poly-
nomial has a negative constant term.

THEOREM 1. Suppose L(a) =2; that 1is, M.(x) =x"—K, where K>0. Then
the set {n, 2n, 3n, - - - } comprises a single exponent class C,, of 9/c, while
each positive integer not belonging to C,, forms a unitary exponent class (cf. §3).

THEOREM 2. If L(a) =3, then no C, can contain more than two elements
(¢f. §4).

LEMMA 5.1(%). Let L(a) 23, and suppose that (j, k) is a binary exponent
class of 9/a, where j<k. Then,

(2.1) il L1 D

a® ak—1

where a, denotes the (negative) constant term of M.(x) (cf. §5).

CoROLLARY 5.1. Let L(a) 23, and suppose that a; 20 in M.(x), for 1=1
=n—1. Then 9/« is unitary.

COROLLARY 5.2. Let L(a) 23, and suppose that 9/a is nonunitary. Then,

(2.2) a Y a—1) £ |a]| <an
CoROLLARY 5.3. Let L() 23, and suppose that 9/a is nonunitary. Let the
roots of M.(x) be denoted by z1, 25, + + - , 2. Then,

(%) Integral parts of lemma-numbers indicate sections containing proofs; corollary-numbers
have same integral parts as the theorem or lemma to which they are attached.
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(2.3) a—12|2z| L« (G=1,2-+,n).

THEOREM 3. For any d/a, at most a finite number of the C, are binary (cf.

§6).

We note that Theorems 1, 2 and 3 jointly imply the following statement:
Let « be a real number greater than one. Then, the equation a*—a¥=z has at
most a finite number of solutions in positive integers x, vy, z, except in the case
when aa= K" where n, K are positive integers(®).

Theorems 4, 5 and 6 state sufficient conditions for unitary decomposition.
THEOREM 4. Suppose

(2.4 M. (x) = 2" — bia™ ! — boa™ 2 — - -+ — by1x — by,

where each b; =0, and D 11 b;>1. Then 3/ is unitary (cf. §7).

COROLLARY 4.1. Let M.(x) be of form (2.4) where each b;=0. Then, if
L(a) =4, 9/a is unitary.

THEOREM 5. Suppose Mu(x) is of the form
M (x) =2"+ q1x® 1+ o™ 2+ + + + + @ — 1,
where D 1ot a;# —1. Then 9/a is unitary (cf. §8).

THEOREM 6. If M.(x) has two real roots of the same sign, then 9 /c is unitary

(d. §9).
Theorem 7 states the complete decomposition for the case L(a)=3.

THEOREM 7. Let Mu(x) =x"+ax""—K, (a0, K>0, 0<r<n).

(@) If a= —1, then 9/a is unitary.

(b) If a= —1, then the integers (n—r, n) form a binary class, by definition.
There will be no other binary classes, unless Mq(x) is of the special form:
(2.5) M (x) = 23 — xt — 1,

In this exceptional case, each of the pairs (¢, 3t) and (4t, 5t) forms a binary class,
and there are no others (cf. §10).

3. Proof of Theorem 1. We assume #>1. The integers (n, 2n, 3n, - - - )
clearly belong to the same exponent class C,,. If m=an+b, where ¢ =0 and
0<b<n, then m cannot belong to C,,. Otherwise, we would have

aan+b — a® = t’
where ¢ is integral; but this becomes

(%) A theorem of A. Gelfond (cf. [3]) contains, as a special case, an analogous result for the
closely related equation o* —a¥ = &7, where «, § are given real, algebraic numbers.
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Ko® — K =1,
which is of lower degree in « than the degree n of M,(x). Thus the integers
(n, 2n, 3n, - - - ) comprise the complete class C,,,.

Suppose
r = amm+ b, $ = an + b,
where a;=0 and 0<b;<n, (¢=1, 2), and assume that r and s were in the
same class. We would then have
ot — gmnth = ¢
or,
Kogh — Kol — | =,

which, as before, is impossible unless 7 equals s.
4. Proof of Theorem 2. We first prove

LeEmMA 4.1. If M.(x) has a root 8 such that Iﬁ l <1, then no exponent class
in 9/a can contain more than two elements.

Proof. Suppose the integers j, k belong to the same exponent class, where
j<k. That is,
af —ai =7,
where 7 is a positive integer. Then, since M,(x) must divide x*—x7—r,
gr—pi=r.
Therefore
r< |8+ |8li<2
Hence r=1. Thus, if some exponent class contained three elements u <v<w,
we would then have
a® — a* =1,
and
o —a® =1,
But these relations imply a*=a®, which is impossible.
Proof of Theorem 2. We now assume, in view of Lemma 4.1, that no root
of M.(x) has absolute value less than unity.

If the theorem were false, there would exist three positive integers
j<k<m, such that

4.1) o —al =7,
and
4.2 am™ — af =3,
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where 7, s are positive integers, r <s. Let us write the # roots 21, 25, - * + , 2a
of M.(x) in the form

(4.3) % = pye'%, v=12---,m),

where each p,=1.
Now from (4.1),

4.4) o — xt — r = M.(x)- P(x),

where P(x) is a polynomial with integral coefficients. We note that if |x[ >a,
then

@9 ol 2 | 2h> @ - =5

thus no zero of x*—x7—r has absolute value greater than a. Since the left
member of (4.4) has each 2, among its roots, then

(46) 1§Pv§a; (V=1:27"')n)'

We will -now prove that each p,=«a, (v=1, 2, - - -, n). Substituting (4.3)
into (4.4), we have

k ] )

r = p, cos kO, — pi cos j6,,
k. ..

0 = p, sin k6, — pf, sin 36,.

Transposing the second term of each right member to the left, squaring each
equation, and adding, we obtain

2k

4.7 P+ 2 cos 6, + pr = po

Similarly, from (4.2),

2m

(4.8) s + 23pf cos 76, + pfj = p, .
Eliminating 6, between (4.7) and (4.8),

2m

2 2 25 27 2k
rs—sr-+sp, —rp, = Sp, — 1Py .

Thus, defining the polynomial

(4.9) G(x) = ra®m — sx% 4 (s — r)a¥ — rs(s — 1),
we have
(4.10) G(p) = 0, =12 --,n).

From (4.9), using (4.1) and (4.2), we obtain
G0) = G(1) = G(a'?) = — rs(s — 1) < 0.
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Therefore, there exist xo, x1, 0 <x¢<1, 1 <x; <a'’?, such that
G'(x0) = G'(x1) = 0.
But, since G’(x) is a trinomial, it has at most two positive roots, which must

then be x¢, 1. Moreover, since the leading coefficient of G’(x) is positive, we
have

G'(x)>0 for x > x,.

That is, G(x) is strictly increasing for x>x;. But G(a) =0, and x; <a. There-
fore, G(x) <0 for x; £x <a. We now show that G(x) <0 for 1 <x <x;. Assume
that G(xz) =20, where 1 <x,<x;. Since G(1) and G(x,) are each negative, this
would imply that G’(x) has a root between 1 and x;, which is impossible. We
thus have

(4.11) Gx) <0 forl £z<a
Therefore, from (4.11), (4.10), and (4.6), we conclude
Py =, ("=1’,2:""n)-

Now, taking the product of the absolute values of the roots (4.3) of
M.(x), we obtain

(4.12) = |al,

which contradicts the assumption that L(a) 2 3. This completes the proof of
Theorem 2. .
5. Proof of Lemma 5.1. Let o*—ai=7r. Then

(5.1) oF — xf — r = M.(x)P(x),

where P(x) is a polynomial of degree (k—n), having integral coefficients.
Denote the roots of M.(x) by 2, 2, - - -, 2., and those of P(x) by wy, we, * + +,
Wr—n. Since the left member of (5.1) has each z; among its roots and « as its
unique positive root, we then have (cf. (4.5))

(5.2 | 2] = a G=1,2,--+,m);
similarly,

(5.3) |wi| £ e, G=1,2,-+,k—n).
Therefore, by (5.2), we get

(5.4) laal = la| || -+ 2] S o

The right equality sign in (5.4) cannot hold, since L(a)=3. Thus, the left
inequality of (2.1) holds.
From (5.1),
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F—a=r=|ul-|n|l - |ul|oal-lo| - |o.],
and therefore, by (5.3),
(5.9) o — ol S l anl akn,
The right inequality of (2.1) is simply a rearrangement of (5.5). This com-

pletes the proof of Lemma S5.1.
REMARK 1. We show that the equality sign in (2.1) holds if and only if

Mo(2) = 2% — 2 — | a] .
Sufficiency. Assume that M,(x) =x*—xi— ]akl . Then

o™ — Ia,.]_a"— |akl_ ai_ 1

a® ak ok ak—i
Necessity. Assume that

a® — |a,.|_ 1

a® ak—i
Since (4, k) is an exponent class, a*—ai=r (a positive integer), where
k=n. Now,
at — | a,.| al  oF—r

(5.6)

a® ak ak

Equating the first and third expressions in (5.6), we obtain
5.7 | an Ia” = ra™.
If k#n, a"‘"=r/|a,.|, contradicting the hypothesis that L(a)=3 (cf. §6’
Lemma 6.1). Thus n=Ek, and from (5.7), r= |a,.| . Therefore M.(x)=x*—x7
—la.

Proof of Corollary 5.1. If 4/« were not unitary, we would have

0<a— |a.| = —aa"! —aa™?— -+ - — a,1a <0,

which is impossible.

Proof of Corollary 5.2. We need prove only the left inequality. Thus, if
(4, k) is a binary class, with j <&,

aHa—1) Sa*—av®D < I a,,l ,
by (2.1).
Proof of Corollary 5.3. The right inequality is the same as (5.2). To prove
the left inequality, we have

a" Y a—1) = la,,'
= |zl |zl |l
éa"“lz.-l.
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Dividing by a®1, we obtain the desired result.
REMARK 2. The following example shows that the left equality sign in (2.3)
may hold for some of the conjugates of certain a:

M (x) =2?—x— K

(K>0) has @ and 1 —a (a>1) as roots.
6. Proof of Theorem 3. We first prove

LEMMA 6.1. If there exists a positive integer t such that a* is rational, then
L(a)=2.

Proof. Let & denote the smallest positive integer such that o* is rational;
let a*=v. Since « is an algebraic integer, ¥ must be integral. We will show
that M,(x) =x"—u9, by proving that the binomial x*—uv is irreducible.

If x* —v were reducible, then v =b° (cf. [4]), where b, ¢ are positive integers,
¢>1, and ¢ divides k. But, letting A =rc,

v = ol = o™ = b°.
This implies a"=b, contradicting the definition of &.

LEMMA 6.2. Let L(x) = 3. Suppose that each of the pairs (j, k), (', k') forms
a binary class of 9/ (j<k, j <k'). Then,

k—j#=k —7.
Proof. Assume that k—j=»%"—j'. Take k<%, and let
t=F —k=35 —j.

Then,
at(af — af) = o — o,
or,
o — o’ u
6.1) at= —m8— = —,
of — of v

where #, v are positive integers. Consequently L(a)=2, by Lemma 6.1,
contradicting the hypothesis.
Proof of Theorem 3. We may assume that L(a) = 3, in view of Theorem 1.
Let (4, k) be any binary class of 9/a (j<k). The right inequality of (2.1)
implies that

(6.2) k—jén—loga(a"—la,,l).

Denoting by N the greatest integer less than or equal to the right member
of (6.2), we thus have

(6.3) E—j<N.
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Thus, by Lemma 6.2, there are at most NV binary classes.
REMARK 1. If L(a) =3, then 9/a? is unitary for each positive integer p
satisfying:

p> [n—logs (@ — | a.])] = N.

Proof. If this statement were false, there would exist a positive integer
po> N, and positive integers 7, s (r <s) such that

(am)* — (ar)"
is integral. Thus the integers (por, pos) form a binary class for 9/a. But,
pos — por = po(s — 1) > N,

contradicting (6.3).

REMARK 2. If 9/« is unitary, then 9/a? is also unitary for all integers
p=1.

7. Proof of Theorem 4. Let C, be any exponent class of 9/, and let m
denote its smallest element. We show that no integer larger than m can belong
to Co.

Let the canonical form of a™ (i.e. a™ expressed in terms of the basis
{1, a, a, - - -, a"‘l} with integral coefficients) be given by

(7.1) a™ = a4 a2+ - - - A+ o + ca

where each ¢; =0, since each 5;=0. Now, for each positive integer ¢, we shall
denote by S, the sum of all the coefficients in the canonical form of a*, exclud-
ing the “constant” (i.e. a-free) term, if any. Since (7.1) yields

am™tl = (c1by + co)am ! + (cib2 + ca)a™ 2 + - - - + (c1ba1 + Cu)a + ciba,

we obtain

(7.2) sw=sm+cn+cl(('§b..)-1>.

=1

Cask 1. Assume that at least one of the integers ¢i, ¢, is positive. Then,
from (7.2), Spmy1> Sm. Moreover, since S, is clearly a nondecreasing function
of ¢, we conclude that S,>.S,, for each t >m. Thus, if t>m, a* cannot have the
same canonical form (excluding the “constant” term) as a™. Therefore, it is
impossible that a*=a™-+K, where K is a positive integer.

Cask II. ¢, =¢,=0. Let ¢, be the first nonzero coefficient in (7.1). We then
have

a™ = ca™ T 4 cgr1a™ T4 - - e,

a”"f" = ann_q+l + cq+1a""1 + LR + cn_laz,

(7.3)

am™tel = c.av 1 4 1ot 4 - - - o+ crial
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Since the above canonical forms are of ascending degrees, it follows that none
of the integers

m+1l,m+2,---,m+q¢g—1

belongs to Cy. Now, just as we obtained (7.2), we can write:

n—1
Smiq = Smig1+ ¢4 << Z bi) - 1>°
i=1

But, Snie-1=Sn, from the first and last equations of (7.3). Thus, Sui¢>Sn,
since ¢,>0. Hence, as before, no integer larger than m can belong to Co.

8. Proof of Theorem 5. Assume that there exists a binary class (7, k) ; that
is,
8.1) af — af =7,

where  is a positive integer. But, since the constant term of M,(x) is —1, the
product of its roots is +1. Hence, since a>1, it follows that M,.(x) must
have a root (8 such that I,B] < 1. We then conclude, as in the proof of Lemma
4.1, that r=1. From (8.1),

(8.2) o —af — 1 = M,(x)- P(x),

where P(x) is a polynomial with integral coefficients. Letting x=1,

P(l) = — ——.
@ M.(1)
Therefore, since P(1) must be integral, it follows that M,(1)=+1. Now,
M.,.(1) cannot be positive; otherwise M,(x) would have a root between 0 and
1, whereas the left member of (8.2) has only one positive root, namely a.
We thus conclude that

n—1
Zai = Ma(l) = - 1)
=1
which contradicts the hypothesis. This completes the proof.

9. Proof of Theorem 6. It is sufficient to show that R(x) =x*—x7—r can-
not have two zeros of the same sign for any pair of values of j, k with 0<j<k.
Since R(x) has one variation in sign, R(x) has exactly one positive zero. If
k is even, R(—x) has one variation in sign and therefore R(x) has exactly one
negative zero. If k is odd, R(x) < —7 <0 when x<—1 and R(x) < —xi—r <0
when —1<x <0, so that R(x) has no negative zeros in this case.

10. Proof of Theorem 7. If a < —1, it follows from Theorem 4 that 9/
is unitary. If ¢>0, it follows from Corollary 5.1 that 9/« is unitary. This
proves part (a).

Proof of Theorem 7(b). In this case, we are concerned with a minimal
polynomial of the form
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(10.1) M. (x) = x» — x» " — K,

where K >0. Thus, the integers #—r and » form a binary class, which we
shall refer to as the trivial binary class. When (10.1) is of the special form

(10.2) Mq(x) = 23 — xt — 1,
the existence of the nontrivial binary class (4¢, 5¢) follows from the identity
(10.3) (8t — % — 1) = (2% — 2t — 1)(x% — x* 4+ 1).

In order to complete the proof of Theorem 7(b), we must show that the
class (4, 5t), associated with the minimal polynomial (10.2), is the only case
of a nontrivial binary class arising from a minimal polynomial of the form
(10.1).

We begin by establishing

LemmA 10.1. Suppose that M, (x) is of the form (10.1). Then, the positive
integer p will be the smaller element of a nontrivial binary class if and only if the
canonical form of a? is of type

(10.4) aP = ca® 1 4 ca® M -+ ca® 3+ - - -+ ca™T™I,

where ¢ >0, mg=r, m>1. Moreover, the larger element of this binary class must

be (p+q).

Proof. The sufficiency is immediate, since (10.4) implies

aftt = ¢4+ ca™ M 4 - - . car ™ 4 cK
= a? 4+ ¢cK.

For the necessity, we assume that p is the smaller element of a nontrivial
binary class Cy, and denote the canonical form of a? by

(10.5)  oa? = ca™ 9+ co410™ T + Copoa® 2 4 - - - 4 Cura F Cay

all ¢;20, ¢,>0, g=1. We note that ¢, =0; otherwise, as in the proof of Theo-
rem 4, Case I, we would have: S;>S,, for each ¢>p, so that p could not be
the smaller element of a binary class.

From (10.5), we see that a?*!, a?*?, - - - | arte—1 will each have canonical
forms of degree higher than (n—gq), so that none of the integers p+1, p+2,

-« +, p+g—1 can belong to Cy. Moreover, since a?*? will contain the “con-
stant” term ¢,K in its canonical form, no integer larger than (p+¢) can be-
long to Co (cf. Theorem 4, Case I). Thus, the second element of Co must be
(p+9).

By the “pure-canonical” form of a® (w integral), we shall mean the ca-
nonical form of a* with all zero terms omitted. We note that the pure-canonical
form of a® (w=0) has all positive coefficients if M.(x) is of the form (10.1).

We next show that each exponent in the pure-canonical form of a? must
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‘be of form (n—agq), where “a” is a positive integer. Assume that this is not
the case, and let # be the largest exponent which is not of this form. Suppose
that « falls between (n—bq) and (n—(b+1)q), where b is a positive integer.
But then, a?*? would contain the exponent (x+¢) in its pure-canonical form,
while a? does not, which is impossible.

Moreover, since a?*? contains the exponent (#—r) in its pure-canonical
form, so must a?; hence, r=mq, m=1. Thus (10.5) becomes

(10.6) a? = cuo™ 0+ 0”2 + -+ - F Cuga™ ™ 4 - - - - Crea™™,

where v2m, €ng>0, €,q>0.
We next see that v=m. For, if v>m, a?t? would not contain the ex-
ponent (z—uvq) in its pure-canonical form. Thus, (10.6) becomes

(10.7) a? = "l + coa" M - - o - Cpga™™,
where mg=r. We can now see that m>1; otherwise, we would have
aP = ¢, or af "ttt = ¢,

contradicting Lemma 6.1.
Finally, from (10.7) we obtain

(10.8) a7t = ca™1 + Cyga™2 + + - + + Cpgam™ ™D 4 goam e 4 K.
Comparing (10.8) and (10.7), we conclude that
Cq = Cq = *** = Cmgy

completing the proof of Lemma 10.1.

It will now be shown that if there exists an integer p such that a? is of
form (10.4), then the minimal polynomial (10.1) must be of form (10.2),
where p=4¢, g=t. Toward this end, we first establish:

LEMMA 10.2. If there exists an integer p such that a? is of form (10.4), then
K=11n (10.1), and c=1 in (10.4).

Proof. Dividing (10.4) by a®™¢, we have

(10.9) ap—ntme = c[a(m—l)q F amDaf ... 4 g 1]
Therefore,
(10.10) xp—ntmg c[x(m—l)q RNl (o T N N TS g 1]

= (@ — a7 = K)- P(a),

where P(x) is a polynomial with integral coefficients. Letting x=0 in (10.10),
we get: —c=—K-P(0), so that K divides ¢. Then letting x=1 in (10.10),
we get: 1—mc=—K-P(1), so that K also divides mc—1. Since m>1, mc
—1 #0; it thus follows that K =1.

Since K=1, a is a unit in the ring H of algebraic integers. Therefore,
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aP~"tme g also a unit. But, according to (10.9), ¢ must divide a?»~"+m¢ (in H),
since the quantity in the bracket is an algebraic integer. Hence, ¢ is a unit,
and must be 1.

This completes the proof of Lemma 10.2.

LemMA 10.3. If a? has a canonical form of type (10.4), then n <p <n-r.

Proof. It is clear that n <p; otherwise, @ would satisfy an equation of
degree less than #.
Now, since K=1, (10.1) becomes

(10.11) a® = o™ 4 1.
Therefore,
(10.12) a™tr = " " 4 o + 1.

Suppose first that n+r=<p <2xn. That is, p=n+r+s, where 0Ss<n—r.
The canonical form of a? can then be obtained by multiplying (10.12) by
o*. Therefore, the terminating exponent in the pure-canonical form of a? will
be less than n—r, contrary to (10.4).

Next, suppose p = 2n. Squaring (10.11),

(1013) an = q2n=r) | QT 4,

Thus, the canonical form of @? will have at least one coefficient =2, since
a?=a?" . and all coefficients in the canonical form of «*~2* are non-
negative integers. But this contradicts (10.4), since c=1.

This concludes the proof of Lemma 10.3.

LEMMA 10.4. If there exists an integer p such that a® is of form (10.4), then
My (x) must be of form (10.2), where p =4t and q=¢t.

Proof. By Lemma 10.3, we have: p =n-¢, where 0 <t<r. From (10.11),
we obtain

(10.14) a? = ") + o,

Comparing (10.14) with (10.4), we conclude that r—t¢=gq, and t=n—r
=n—2q. These relations imply that ¢=¢, n =3¢, r=2¢, so that (10.1) becomes
(10.2). Moreover, p=n-t=4t.

The proof of Theorem 7 is now complete.

11. A class of M,(x) with nonunitary 9/« and L(a) > 3. Consider the class
of polynomials of form

P(x) = x0@rDa — 25@r=2a 4 25230 — . .. 4 299 — 2,

where r and ¢ are positive integers, r = 2. We first note that P(x) is irreducible
by Eisenstein’s Criterion (cf. [5]). Moreover, from the identity

(11.1) (x'l + 1)-P(x) = x2r¢ — g(2r—Dg 2,
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we see that P(x) has exactly one positive root a (1 <a<2). Thus P(x) is the
minimal polynomial of . Finally, from (11.1), we see that (2r—1)g and 2rg
form a binary class of 9/a.

12. Some unanswered questions. The decomposition 9/a has at most a
finite number of binary classes, by Theorem 3. However, the authors have
no example of an « for which d/a has more than two binary classes; nor do
they have an example for which 9/a has exactly two binary classes, aside from
the case where M,(x) is of the form x% —x*—1 (cf. Theorem 7).

We therefore pose the following questions:

(1) Does there exist an « for which 9/a has more than two binary classes?

(2) Does there exist an a, other than the case where M,(x) is of the form
x3—x*—1, for which 9/« has exactly two binary classes?

We note that if there exists a £, such that Q(x) =x3t%—x* —1 is reducible,
then the positive root « of Q(x) will induce a decomposition 9/a having at
least two binary classes: (o, 3%0), (4fo, 5to) (cf. (10.3)). Furthermore, for this
case, M.(x) cannot be of the form x% —x*—1 (s<{?;); otherwise, 9/a would
have at least four binary classes: (s, 3s), (4s, 5s), (fo, 3to), (4t0, S5to), contra-
dicting Theorem 7.
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